In this paper we analyse the doublet-triplet splitting problem in the minimal non-supersymmetric SU (5) GUT. We take into account the full symmetry breaking pattern with both high scale SU (5) breaking and electroweak symmetry breaking. Our analysis shows that the only acceptable model has three vevs, with a hierarchy imposed by the minimization conditions. The amount of fine-tuning in the model is then determined by looking at both the minimization conditions and the bosonic masses. We find no indication for fine-tuning in this scenario. Therefore we conclude that doublet-triplet splitting is not a fundamental problem in this model. * d.boer@rug.nl
Introduction
In the search for Beyond the Standard Model (BSM) physics, Grand Unified Theories (GUTs) have been a prime candidate for a long time. These theories can provide a common origin for the different forces we observe at low energy, and give an explanation for the quantization of charge. The first GUT put forward was based on SU (5) symmetry [1] . It is currently considered ruled out, because it leads to a too short lifetime of the proton compared to its experimental lower limit. Besides this lack of phenomenological viability, it is also considered to suffer from a theoretical problem common to many supersymmetric and non-supersymmetric GUTs: the doublet-triplet splitting problem (DTSP) [2, 3] . This entails the problem of producing without fine-tuning masses of very different scales for the triplet and the doublet part of the scalar sectors. Such fine tuning seems required already at leading order (classically). For specific GUTs there exist solutions to the DTSP, e.g. the Dimopoulos-Wilczek solution for SO(10) [4] , the missing partner mechanism [5] , the sliding singlet mechanism [6] and GIFT [7, 8] . These solutions often rely on including additional representations in the model. Here we will reanalyze the problem in the minimal nonsupersymmetric SU (5) GUT and test the claim of fine-tuning by investigating both the equations that define the minimum of the potential and the masses of the scalars and gauge bosons. We reach the conclusion that the SU(5) breaking to SU (3)×SU (2)×U (1) together with the subsequent Electro-Weak Symmetry Breaking (EWSB) to SU (3) × U (1) does not pose a DTSP as it does not lead to fine tuning (FT), despite the large hierarchy between the vacuum expectation values (vevs) responsible for SU (5) breaking (v ∼ 10 14 GeV) and EWSB (v 0 = 246 GeV). This is similar to the case of the Two Higgs Doublet Model (2HDM) for which we recently showed that no FT is present (at least according to these two measures), even for a large hierarchy of vevs [9] . We will conclude that the DTSP is thus not a problem for the minimal SU (5) GUT. All this concerns leading order and does not pertain to the standard hierarchy problem arising from loop corrections to the scalar boson masses nor to the gauge hierarchy problem [10, 11, 12] arising from loop corrections in a model with different symmetry breaking scales.
The doublet-triplet splitting problem
In order to discuss the doublet-triplet splitting problem (DTSP), we will start by recalling the minimal Higgs potential of SU (5). This potential contains two fields: the Φ field in the adjoint (24) representation, and the H field in the vector (5) representation [12, 13] . In terms of real scalar fields we write:
with H i and φ i real scalar fields, and λ i the traceless generators of SU (5) satisfying Trλ i λ j = 2δ ij .
We will impose a Z 2 symmetry that transforms Φ → −Φ in order to avoid tree-level non-decoupling [14] . Without this symmetry there would be O(1) contributions to the quartic scalar coupling of H at low energy arising from the exchange of heavy Φ bosons due to the new H † ΦH interaction. When imposing this symmetry, the potential is given by:
This SU (5) symmetric potential is broken to the Standard Model gauge group by setting the vacuum expectation value of the Φ field:
, where the factors − 3 2 are necessary to ensure the tracelessness of Φ. This form can be achieved by setting φ 24 = √ 15v. If we consider the potential with this vev, we can write down one condition defining the minimum of the potential (a minimum equation):
Now we can look at the masses of the doublet and triplet components of the H field. If we look at the potential at the minimum of Φ, we can write down the purely H dependent part of the potential, and write it in terms of the doublet H 2 and the triplet H 3 :
From this we can read of the masses of the doublet and triplet:
Now we can figure out the natural mass scales of these scalars. Standard estimates of the scale of SU (5) breaking yield v = O(10 14 ) GeV [12] . The exact value of v is not important for our discussion, just that it is much larger than the EWSB scale. We see that the mass of the triplet component will in general be of the order of v 2 , as long as there is no large cancellation between ν 2 and the α and β terms.
On the other hand, the doublet component should be light, since it should behave like the Standard Model Higgs doublet, which gives masses m 2 ∼ O(v 2 0 ) to the W and Z bosons. In order to make the doublet light, we need to either have ν 2 small (O(v 2 0 )) and introduce a large cancellation between the α and β term, or put ν 2 at the high scale and let it cancel with the α and β terms to give a result of O(v 2 0 ). In either case we need to impose a large cancellation, which would imply fine-tuning. This is the essence of the doublet-triplet splitting problem.
So the fact that there is another symmetry breaking step after the breaking of SU (5) , and that it should take place at a much lower scale, is the origin for the doublet-triplet splitting problem. Therefore we will now investigate the model with both the breaking of SU (5) and EWSB in more detail.
Including electroweak symmetry breaking
The most straightforward implementation of EWSB is by giving the H field a vev of the form: H = 1 √ 2 (0, 0, 0, 0, v 0 ) T , in addition to the previously defined vev of Φ. In that case we get three minimum equations:
So we get the constraint that β = 0. If we continue analyzing the model, and calculate the masses of the scalars, we see that we get 21 massless modes. But we only expect 15 Goldstone bosons (12 from the breaking of SU (5) and 3 from EWSB). The six additional massless scalars arise since our potential has a larger symmetry when we set β = 0. In that case the H and Φ sector no longer mix, and there is an additional global SU (5) symmetry for the H field. This symmetry remains unbroken when breaking the local SU (5) symmetry. But when H gets a vev, it breaks from a global SU (5) to a global SU (4). This results in 9 massless modes. Three of these are eaten by the electroweak gauge bosons, the other six remain present in the theory as massless modes.
Another reason to discard the case β = 0 is that this constraint is not stable under loop corrections. Gauge boson loops can induce a H † Φ 2 H term, leading to a non-zero value for β. This can be seen from the SU (5) effective potential [15] 1 . Moreover, beyond leading order the reason for requiring β = 0 may be absent altogether, since there might be other terms that contribute to Eq. 8 such that β is no longer forced to be zero when v and v 0 are non-zero.
The restriction on β can be lifted at leading order already by realizing that the Φ field can also contribute to EWSB, see e.g. [16] . This is done by adding a vev v 1 , which leads
The H field has the same vev as before: H = 1 √ 2 (0, 0, 0, 0, v 0 ) T . When we write down the minimum equations in this case, we obtain:
For v and v 0 it is clear what size they should have. But this is not the case for v 1 . Therefore we would like to use the minimum equations to figure out how large v 1 is. This is possible since we have three minimum equations with three unknowns: two mass parameters and a vev. Therefore we solve the system for µ 2 , ν 2 and v 1 . Doing this gives rise to three separate solutions, with the result for v 1 for each of these solutions given by:
We can approximate the second and third expression by expanding in small v 0 . Depending on the sign of b, these expressions switch places, but the two results are:
So we see that in two out of the three cases v 1 will be of the order of the high scale, while in the other case v 1 is very small. We will show that using phenomenological constraints from the ρ parameter, the solutions with large values for v 1 can be discarded.
The ρ parameter is an electroweak observable that puts strong constraints on the Higgs sector. After decomposing all Higgs multiplets into Standard Model representations, the ρ parameter is given by:
with T i the isospin, Y i the hypercharge, v i the vev and c i = 1/2 (1) for real (complex) representations. The experimental value is ρ = 1.00039 ± 0.00019 [17] , while the Standard Model (tree-level) result is ρ = 1, so only very small deviations are still allowed. Explicitly, the decompositions of H and Φ are given by: 
The only contributions to ρ arise from representations that get a vev. So the (1, 2, 1 2 ) of H contributes (just like in the Standard Model) with vev v 0 . The vev v is part of the (1, 1, 0) and has T = 0 and Y = 0, so it does not contribute to ρ. The only remaining contribution comes from v 1 . It is part of the SU (2) triplet field (1, 3, 0). Therefore ρ is given by:
So we see that to keep ρ ≈ 1, we need to have v 1 v 0 . Therefore we can justify using only the v 1 ∼ v 2 0 v solution. This solution satisfies the bounds on ρ. Now that we have two separate ways of introducing EWSB, we can ask ourselves the question whether v 0 = 0 is actually necessary. So we will now look into the situation where v 0 = 0. In that case the minimum equations are given by:
Since again we do not know the size of v 1 we choose to solve this system for µ 2 and v 1 . This gives:
So we see that now both vevs are of the order of the high scale. Therefore we will not have light electroweak gauge bosons, and the model is not of interest. Note that if we want to solve for µ 2 , there is no other option than solving for v 1 . There is no solution for a, and the solution for b is b = 0, which results again in too many massless scalars.
Finally, it is also possible to break SU (5) directly to the Standard Model by setting v = 0 and having both v 1 and v 0 non-zero. But it turns out that the required hierarchy in both the scalar and gauge boson sector cannot be achieved in this way. Therefore we conclude that the only viable option is to have all three vevs v, v 0 and v 1 non-zero, with the hierarchy v v 0 v 1 .
Scalar masses
Now that we have a model where both SU (5) breaking and EWSB are properly taken into account, with the hierarchy v v 0 v 1 , we can take another look at the scalar masses. Since we are interested in the doublet-triplet splitting problem we will focus on the masses of the components of H. But these components will mix with components of Φ, so this mixing also needs to be taken into account.
First we look at the triplet components of H. The real scalar field H 1 mixes with φ 11 . After inserting the minimization conditions for µ 2 and ν 2 we get:
.
Knowing that v 1 ∼ v 2 0 /v, we can approximate these expressions, keeping only terms of O(v 2 0 ) or higher:
So the H-H component has mass of O(v 2 ), while the φ-φ component has mass of O(v 2 0 ). After diagonalizing this mass matrix we get one massless mode and a mode with mass squared of O(v 2 ). This massless mode is a Goldstone boson arising from the breaking of the SU (5) symmetry. The same result holds for the other components of the H triplet. This is an exact result, it is not due to the approximation that was made.
For the components in the doublet we will discuss two cases: on the one hand we have the three components that do not get a vev, while on the other hand we have the component that does get a vev.
Each component that does not get a vev will mix with a component of Φ. As an example we can look at the H 7 component, which mixes with φ 21 :
We see that now the φ-φ component has mass O(v 2 ), while the H-H component is much lighter with mass O(v 2 0 ). After diagonalizing we again get a massless mode and a mode with mass O(v 2 ). This massless mode arises from the breaking of the electroweak symmetry. The H 8 and H 10 components behave in the same way.
To finalize our discussion on the masses of the scalars, we look at the H 9 component, which gets a vev in EWSB. This component mixes with φ 23 and φ 24 :
After inserting the expression for v 1 and expanding in small v 0 , we find that there is one eigenvalue of O(v 2 0 ) and two eigenvalues of O(v 2 ).
All in all we find that after breaking SU (5) to the Standard Model and then to SU (3) × U (1), we get 15 massless modes: 12 from breaking SU (5) to the Standard Model and 3 more because of EWSB. The other scalars will be massive, with masses of O(v 2 ), except for one scalar which takes the role of the SM Higgs boson, with a mass of O(v 2 0 ). This is exactly as desired. Note that there are no scalars with a mass of O(v 2 1 ).
Fine-tuning in the minimal SU (5) GUT
Now we can look again at the doublet-triplet splitting problem and possible other sources of finetuning. Here we follow the results of [9] , which argued that the minimum equations are critical in evaluating the fine-tuning in a model. Therefore the first step in evaluating the fine-tuning in a model is checking that there is no fine-tuning present in the minimum equations. The next step is then to check observables (scalar and gauge boson masses in this case) for fine-tuning. One should insert the minimum equations in these expressions in order to avoid finding fine-tuning that is due to cancellations that are ensured because of the minimum equations. Only fine-tuning that is present after using the minimum equations is actual fine-tuning present in the theory.
The Dekens measure [18] can be used to find fine-tuning present in the minimum equations. To apply this measure, one has to separate the set of parameters into two sets: the dependent parameters q j and the independent parameters p i . The minimum equations relate the q j to the p i . The amount of fine-tuning is then defined as:
When the q j are polynomials in the p i , this expression compares the size of each single contribution to the size of q j . If ∆ D is large, there are contributions that are much larger than the size of q j , which means that there needs to be a large cancellation between independent terms, implying fine-tuning.
Two remarks are in order about applying the Dekens measure. First of all, one can in principle first use the minimum equations to obtain the values for some parameters, and then use a different set of parameters q j to calculate the fine-tuning. However it was argued in [9] that this can lead to apparent fine-tuning. The correct way to apply the measure is to first find the values of a set of parameters using the minimum equations and then use these same parameters as the q j in evaluating the Dekens measure.
The second remark is that there are multiple ways to solve the minimum equations, which give different results for the Dekens measure. It was argued in [9] that one should try to find a way to solve the minimum equations such that the Dekens measure is small. If this is possible, there is no fine-tuning present in the theory, otherwise fine-tuning is necessary to keep the theory viable.
The reason for this is that there are usually both large and small contributions present in the minimum equations. If one would solve the minimum equation for the small contribution, there needs to be a large cancellation between multiple large contributions, which would appear like fine-tuning. However when solving the equations for a large contribution there is no fine-tuning
Parameter
Range v [0,1]·10 14 GeV v 0 [0,1]·246 GeV a, b, α, β, λ [-2,2] Table 1 : Parameter ranges for calculating the Dekens measure in Figure 1 .
present, since the small contribution is now just a small correction, and large cancellations are no longer necessary. In some cases it is not possible to solve the minimum equations without needing either fine-tuning or unnaturally small parameters. Only in that case is there actual fine-tuning present in the minimum equations.
In choosing how to solve the minimum equations in SU (5), we argue that the value of v and v 0 should be imposed, as these are constrained phenomenologically. Using these values, we can see if there are other quantities or observables that need a large fine-tuning in order to be viable phenomenologically. Using the minimum equations, we can eliminate three parameters from the theory. If we approach the system as outlined above, by solving for µ 2 , ν 2 and v 1 , we can express these quantities in terms of parameters of which we know the approximate size (assuming the coupling constants are O (1)).
If we look at the system in this way, we see that both µ 2 and ν 2 are of O(v 2 ). So there is no finetuning in these relations. Furthermore, the small size of v 1 is not due to a cancellation between independent quantities, but due to a ratio between vevs. This is not fine-tuning, so this relation is also fine. Therefore we can conclude that there is no fine-tuning present in the minimum equations.
We have also checked this numerically. We calculated the Dekens measure using the parameter ranges in Table 1 . Then we see that in the vast majority of parameter points there is no fine-tuning present (Figure 1 ). To quantify the amount of fine-tuning in the masses one can evaluate the Barbieri-Giudice measure [19, 20] . This is done by calculating the contribution of each parameter p i to a mass squared m 2 j , in a way similar to the Dekens measure:
Next
However we can already deduce the results from the discussion above. The hierarchy in the scalar (and gauge boson) masses is such that no fine-tuning is necessary to obtain the correct particle spectrum. Therefore we can conclude that the Barbieri-Giudice measure will in general not indicate any fine-tuning.
Comparing this situation with the doublet-triplet splitting problem mentioned in section 2, we see that after including EWSB the required hierarchy is present in the theory without any fine-tuning. The cancellation between the ν 2 term and the α and β terms is taken care of by the minimum equations. No fine-tuning is necessary to obtain the correct spectrum.
Remarks on a large hierarchy in vevs
In the previous section, we imposed the values of the vevs and concluded that there is no fine-tuning present in the theory. But one may wonder if a large hierarchy of vevs should not be considered and v 1 as dependent parameters. 1000 points were sampled using uniform distributions for the parameters with the ranges given in Table 1 .
unnatural to begin with. In this paper we have taken the viewpoint that any sequence of symmetry breakings from a GUT down to the EWSB will require such a hierarchy. If the minimum equations and the particle spectrum can accommodate it without fine tuning of the parameters in the theory, then it is not considered unnatural or problematic. On the other hand, one could demand an explanation for why the dimensionless parameters v 0 /v, v 1 /v and v 1 /v 0 are so small. One could consider applying 't Hooft's naturalness criterion [21] , that small parameters are only considered natural if setting them to zero enhances the symmetry, to the case of spontaneous symmetry breaking. Typically setting a vev to zero enlarges the symmetry from a subgroup H of a group G to the full group G. However, in the case considered in this paper setting v 0 or v 1 to zero does not enhance the symmetry, unless one sets them both to zero. But even in that case one may wonder whether the symmetry is really enhanced, since the full group G is still nonlinearly realized in the broken phase. In this sense the full symmetry is still present in the underlying description of the theory and no enhanced symmetry arises if vevs are set to zero. Even if small ratios of vevs may not strictly be subjected to 't Hooft's criterion, it may in our view still be considered the natural case. We argue as follows: without interactions between the different sectors (here the Φ and H sectors) it would be more natural to have quite different values for the unrelated vevs than to have them of the same order. If the interactions between the different sectors allow these large differences to remain present without fine tuning any of the parameters, then we would consider it to be the more natural situation, especially if the parameters are demanded to be perturbative, such that interactions are considered corrections to the free case. This is the philosophy we adopted in this paper.
Conclusion
Our conclusion is that the doublet-triplet splitting problem is actually not a fundamental problem. If we look at the full breaking pattern with the high scale breaking of SU (5) and subsequently EWSB at a much lower scale, then only a particular hierarchy of vevs is acceptable. In the minimal SU (5) model with this hierarchy, no fine-tuning is present among the parameters of the theory, with perturbative values for the coupling constants. This was verified using the Dekens measure. Also in the bosonic masses of the model no fine-tuning was found. We argue that imposing the hierarchy on the vevs is the natural way to look at the system. We emphasize once more that our discussion only applies to the classical level, and does not shed any light on issues due to loop corrections.
